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555¿¿¿:
1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 30©§z�K 6©)
�©

µ�<

(1)4� lim
x→0

ln(1 + x2)− x2

sin4 x
= .

(2)
∫ 2

−2(x
3 cos5 x+

√
4− x2)dx = .

(3)� y = y(x)d�§ e3y+
∫ x+y
0

cos t2dt = 1(½.K
d2y

dx2

∣∣∣∣
(0,0)

= .

(4)� z = f(xy, ex+y),Ù¥ f äk��ëY �ê. K

zxy = .

(5)�D : x2+y2 6 r2,Ù¥ r > 0.K lim
r→0+

∫∫
D
(ex

2+y2 − 1)dxdy

r4
= .

)))���. (1) x→ 0�§ln(1 + x2) = x2 − x4

2
+ o(x4), sin4 x = x4 + o(x4). ��ª = −1

2
.

(2)duÈ©«mé¡§�È¼ê1��´Û¼ê§��ª =
∫ 2

−2

√
4− x2dx.

5¿§dÈ©��%3�:§�»� 2�þ����¡È§�È© = 2π.

(3)üàé x¦��

3y′e3y + (1 + y′) cos(x+ y)2 = 0.
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UY¦��

3y′′e3y + 9(y′)2e3y + y′′ cos(x+ y)2 − 2(x+ y)(1 + y′)2 sin(x+ y)2 = 0.

ò x = 0, y = 0©O�\þ¡üª§�

y′(x)|(0,0) = −
1

4
, y′′(x)|(0,0) = −

9

64
.

(4)
zx = yf1 + ex+yf2.

zxy = (xf11 + ex+yf12)y + f1 + (xf21 + ex+yf22)e
x+y + ex+yf2

= xyf11 + (x+ y)ex+yf12 + e2(x+y)f22 + f1 + ex+yf2.

(5)|^4�IC� x = ρ cos θ, y = ρ sin θ,K∫∫
D

(ex
2+y2 − 1)dxdy = 2π

∫ r

0

(eρ
2 − 1)ρdρ = π(er

2 − 1− r2).

5¿§r → 0+�§er
2 − 1− r2 = r4

2
+ o(r4),��ª =

π

2
.
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��� �!(�K 14©) ^Lagrange¦f{¦¼ê f(x, y, z) =
�©

µ�<

x + 2y + 3z 3²¡ x− y + z = 1Ú�Î¡ x2 + y2 = 1�

��þ����.

)))���. �ELagrange¼ê

L(x, y, z;λ, µ) = x+ 2y + 3z − λ(x− y + z − 1)− µ(x2 + y2 − 1).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

)�§| 

Lx = 1− λ− 2µx = 0,

Ly = 2 + λ− 2µy = 0,

Lz = 3− λ = 0,

x− y + z − 1 = 0,

x2 + y2 − 1 = 0.

ØJ��§λ = 3, x = − 1

µ
, y =

5

2µ
. �\ x2 + y2 − 1 = 0� µ = ±

√
29
2

. u´

x = ∓ 2√
29
, y = ± 5√

29
, z = 1± 7√

29
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

5¿�

f

(
∓ 2√

29
,± 5√

29
, 1± 7√

29

)
= 3±

√
29.

¤±¼ê f 3�½�þ����� 3 +
√
29. . . . . . . . . . . . . . . . . . (14©)
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n!(�K 14©) ¦¼ê f(x) =
1

(x− 1)(x+ 3)
3 x0 =

�©

µ�<

2?�Taylor?ê§¿(½§�Âñ�.

)))���. f(x) =
1

4

(
1

x− 1
− 1

x+ 3

)
=

1

4

(
1

1 + x− 2
− 1

5
· 1

1 + x−2
5

)
. . . . . . (4©)

q
1

1 + x− 2
=
∞∑
n=0

(−1)n(x− 2)n, |x− 2| < 1,

1

1 + x−2
5

=
∞∑
n=0

(−1)n(x− 2

5
)n, |x− 2

5
| < 1.

u´�� f(x)3 x = 2?�TaylorÐª

f(x) =
1

4

∞∑
n=0

(−1)n(1− 1

5n+1
)(x− 2)n, |x− 2| < 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

� x = 1�§?êC�
1

4

∞∑
n=0

(1− 1

5n+1
),§�Ï�Øªu"§uÑ.

� x = 3�§?êC�
1

4

∞∑
n=0

(−1)n(1− 1

5n+1
),§�Ï�Øªu"§uÑ.

¤±T�?ê�Âñ�� (1, 3). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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��� o! (�K 14©)¦�©�§ (x3 − y2)dx + (x2y +
�©

µ�<

xy)dy = 0�Ï).

))){{{1. � u = y2,K��§z�
du

dx
=

2u

x(1 + x)
− 2x2

x+ 1
. . . . . . . . . . . . . . . . (6©)

ù�5�§�Ï)� (
1 + x

x

)2

u+ (1 + x)2 = C.

= (
1 + x

x

)2

y2 + (1 + x)2 = C.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

))){{{2. ��§�z�

xdx+ ydy + y
xdy − ydx

x2
= 0,

=,
1

2
d(x2 + y2) + yd

(y
x

)
= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

ü>Ó�Ø±
√
x2 + y2,�

1

2
· d(x2 + y2)√

x2 + y2
+

1√
1 + ( y

x
)2
· y
x
· d
(y
x

)
= 0,

=,

d(
√
x2 + y2) + d

(√
1 + (

y

x
)2
)

= 0.

�, √
x2 + y2 +

√
x2 + y2

x
= C,

=,

(1 + x)
√
x2 + y2 = Cx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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))){{{3. ò��§z� xdx+ ydy + y
xdy − ydx

x2
= 0,=

1

2
d(x2 + y2) + yd

(y
x

)
= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

- x = r cos θ, y = r sin θ,K r =
√
x2 + y2, tan θ =

y

x
,�§z�

1

2
dr2 + r sin θd tan θ = 0,

dr + sec θ tan θdθ = 0.

È©�§r + sec θ = C.

�£�Cþ§���§�Ï)�

√
x2 + y2 +

√
x2 + y2

x
= C.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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��� Ê! (�K 14©) ®�
∫ +∞

0

sinx

x
dx =

π

2
.

�©

µ�<

(1)O� I1 =

∫ +∞

0

(
sinx

x

)2

dx.

(2)O� I2 =

∫ +∞

0

(
sinx

x

)3

dx.

)))���. (1)� a > 0�§�C� x =
u

a
,
∫ +∞

0

sin(ax)

x
dx =

∫ +∞

0

sinu
u
a

d
(u
a

)
=
π

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

∫ +∞

0

(
sinx

x

)2

dx = −1

x
· sin2 x

∣∣∣+∞
0

+

∫ +∞

0

1

x
· 2 sinx cosxdx

=

∫ +∞

0

sin(2x)

x
dx =

π

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

(2) a > 0�§�C� x =
u

a
,´�

∫ +∞

0

(
sin(ax)

x

)2

dx =
π

2
a.Ïd

∫ +∞

0

(
sinx

x

)3

dx = − 1

2x2
· sin3 x

∣∣∣∣+∞
0

+

∫ +∞

0

1

2x2
· 3 sin2 x cosxdx

=
3

4

∫ +∞

0

sinx sin(2x)

x2
dx =

3

8

∫ +∞

0

cosx− cos(3x)

x2
dx

=
3

8

∫ +∞

0

(1− cos(3x))− (1− cosx)

x2
dx

=
3

8

∫ +∞

0

2 sin2
(
3x
2

)
− 2 sin2

(
x
2

)
x2

dx

=
3

4

(∫ +∞

0

sin2
(
3x
2

)
x2

dx−
∫ +∞

0

sin2
(
x
2

)
x2

dx

)
=

3

4
· π
2
=

3π

8
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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8!(�K 14©) � f(x)´ (−∞,+∞)þäkëY
�©

µ�<

�ê��K¼ê§��3 M > 0 ¦�é?¿� x, y ∈
(−∞,+∞),k |f ′(x)− f ′(y)| 6 M |x− y|. y²µéu?¿
¢ê x,ðk (f ′(x))2 6 2Mf(x).

yyy²²². ?� x ∈ (−∞,+∞),é?¿ h ∈ (−∞,+∞),� h 6= 0,ðk

0 6 f(x+ h) = f(x) +

∫ h

0

f ′(x+ t)dt

= f(x) +

∫ h

0

(f ′(x+ t)− f ′(x))dt+ f ′(x)h.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

� h¦� hf ′(x) 6 0,K

−f ′(x)h 6 f(x) +

∫ h

0

(f ′(x+ t)− f ′(x))dt 6 f(x) +M
h2

2
.

|f ′(x)| 6 f(x)

|h|
+M

|h|
2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

�|h| =
√

2f(x)
M

,=�¤yØ�ª (f ′(x))2 6 2Mf(x). . . . . . . . . . . . . (14©)
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