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555¿¿¿:
1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 30©,z�K 6©)
�©

µ�<

(1)
∫ 1

0

ln(1 + x2)dx = .

(2)� D : x2 + y2 6 r2§Ù¥ r > 0. K

lim
r→0+

∫∫
D

(ex
2+y2 − 1)dxdy

r4
= .

(3)®�¼ê z = f(xy, ex+y),� f(x, y)äk��ëY �ê. K

∂2z

∂x∂y
= .

(4)�� L : x−1
1

= y
1

= z−1
−1
3²¡ π : x − y + 2z − 1 = 0þ�ÝK�� L0 �ü

 ���þ� .

(5)� L��± x2 + y2 = 9§�_����§K1�.�È©

∫
L

−y
4x2 + y2

dx+
x

4x2 + y2
dy = .

1



)))���. (1)∫
ln(1 +x2)dx = x ln(1 +x2)−

∫
2x2

1 + x2
dx = x ln(1 +x2)−2x+ 2 arctanx+C.

��ª�u ln 2− 2 + π
2
.

(2)|^4�IC� x = ρ cos θ, y = ρ sin θ,K∫∫
D

(ex
2+y2 − 1)dxdy = 2π

∫ r

0

(eρ
2 − 1)ρdρ = π(er

2 − 1− r2).

5¿§r → 0+�§er
2 − 1− r2 =

r4

2
+ o(r4),��ª =

π

2
.

(3)
zx = yf1 + ex+yf2.

zxy = (xf11 + ex+yf12)y + f1 + (xf21 + ex+yf22)ex+y + ex+yf2

= xyf11 + (x+ y)ex+yf12 + e2(x+y)f22 + f1 + ex+yf2.

(4)�� L���ª�§�

{
x− y − 1 = 0,

y + z − 1 = 0.
ù�§L L�²¡å�§�

x− y − 1 + λ(y + z − 1) = 0, = x+ (λ− 1)y + λz − 1− λ = 0,

Ù¥ λ�ëê. ²¡�{�þ� (1, λ− 1, λ).

d{�þ�²¡ π�{�þR���=� (1, λ−1, λ)·(1,−1, 2) = 0,= λ = −2.

l§L L��²¡ πR��²¡� x−3y−2z+1 = 0.u´§ÝK�� L0�

�§�

{
x− 3y − 2z + 1 = 0,

x− y + 2z − 1 = 0.

dd§L0����þ� (−4,−2, 1). �ü ���þ� ±(− 4√
21
,− 2√

21
, 1√

21
).

5µü ���þkü�§����=�.

(5) P P =
−y

4x2 + y2
, Q =

x

4x2 + y2
, L1 : 4x2 + y2 = 4, �^����.

3 L � L1 ¤�¤��G«�S P,Q Ñ´ëY���� Qx − Py ≡ 0. �

âGreenúª§ ∫
L+L1

Pdx+Qdy = 0.

� ∫
L

Pdx+Qdy =

∫
−L1

Pdx+Qdy =
1

4

∫
−L1

−ydx+ xdy.

2dGreenúª§
1

4

∫
−L1

−ydx+ xdy =
1

4

∫∫
D

2dxdy =
1

2
σ(D) = π,

Ù¥ D : 4x2 + y2 6 4, σ(D) = 2π� D�¡È.

2
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��� �!(�K 14©)¦�©�§ (x3 − y2)dx + (x2y +
�©

µ�<

xy)dy = 0�Ï).

))){{{1. � u = y2,K��§z�
du

dx
=

2u

x(1 + x)
− 2x2

x+ 1
. . . . . . . . . . . . . . . . (6©)

ù��5�§�Ï)� (
1 + x

x

)2

u+ (1 + x)2 = C.

= (
1 + x

x

)2

y2 + (1 + x)2 = C.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

))){{{2. ��§�z�

xdx+ ydy + y
xdy − ydx

x2
= 0,

=
1

2
d(x2 + y2) + yd

(y
x

)
= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

ü>Ó�Ø±
√
x2 + y2,�

1

2
· d(x2 + y2)√

x2 + y2
+

1√
1 + ( y

x
)2
· y
x
· d
(y
x

)
= 0,

=

d(
√
x2 + y2) + d

(√
1 + (

y

x
)2

)
= 0.

� √
x2 + y2 +

√
x2 + y2

x
= C,

=

(1 + x)
√
x2 + y2 = Cx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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))){{{3. ò��§z� xdx+ ydy + y
xdy − ydx

x2
= 0,=

1

2
d(x2 + y2) + yd

(y
x

)
= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

- x = r cos θ, y = r sin θ,K r =
√
x2 + y2, tan θ =

y

x
,�§z�

1

2
dr2 + r sin θd tan θ = 0,

dr + sec θ tan θdθ = 0.

È©�§r + sec θ = C.

�£�Cþ§���§�Ï)�

√
x2 + y2 +

√
x2 + y2

x
= C.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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µ�< f(x) =


1

ln(1 + x)
− 1

x
, 0 < x 6 1,

k, x = 0.

(1) ¦~ê k��§¦�f(x)3«m[0,1]þëY¶

(2) é(1)¥ k��§¦¼ê f(x)����λ����µ.

)))���. (1)

lim
x→0+

f(x) = lim
x→0+

x− ln(1 + x)

x ln(1 + x)
= lim

x→0+

x− ln(1 + x)

x2

= lim
x→0+

1− 1

1 + x
2x

= lim
x→0+

1

2(1 + x)
=

1

2
.

-k =
1

2
,K lim

x→0+
f(x) = f(0) =

1

2
. ¤± f(x)3 [0,1]þëY. . . . . (4©)

(2)´�, f(x)3 (0, 1)S��,�

f ′(x) = − 1

(1 + x) ln2(1 + x)
+

1

x2
=

g(x)

x2(1 + x) ln2(1 + x)
,

Ù¥g(x) = (1 + x) ln2(1 + x)− x2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

Ï�g′(x) = ln2(1 + x) + 2 ln(1 + x)− 2x,�

g′′(x) =
2 ln(1 + x)

1 + x
+

2

1 + x
− 2 =

2 ln(1 + x)− 2x

1 + x
< 0 (0 < x 6 1),

¤±g′(x)3[0, 1]þüN4~, �� 0 < x 6 1 �, g′(x) < g′(0) = 0. ùq

íÑ g(x) 3 [0, 1] þüN4~, �� 0 < x 6 1 �, g(x) < g(0) = 0. l

 f ′(x) < 0 (0 < x 6 1),q�íÑ f(x)3 [0, 1]þüN4~. Ïd,

min
06x61

f(x) = f(1) =
1

ln 2
− 1, max

06x61
f(x) = f(0) =

1

2
.

u´,¼ê f(x) ���� λ =
1

ln 2
− 1,��� µ =

1

2
. . . . . . . . . . (14©)
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o!(�K 14©) ¦¡È© I =

∫∫
S

(x2−x)dydz+

�©

µ�<

(y2−y)dzdx+(z2−z)dxdy,Ù¥ S´þ�¥¡ x2+y2+z2 =

R2 (z > 0)�þý.

))){{{1. P Σ = {(x, y, z) |z = 0, x2 + y2 6 R2},�eý. dGaussúª�∫∫
S+Σ

(x2−x)dydz+(y2−y)dzdx+(z2−z)dxdy =

∫∫∫
Ω

(2(x+y+z)−3)dxdydz,

Ù¥§Ω = {(x, y, z) |z > 0, x2 + y2 + z2 6 R2}. . . . . . . . . . . . . . . . . (4©)

du, ∫∫
Σ

(x2 − x)dydz + (y2 − y)dzdx+ (z2 − z)dxdy = 0.

¤±,

I =

∫∫∫
Ω

(2(x+ y + z)− 3)dxdydz.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

dé¡5§

I =

∫∫∫
Ω

(2z − 3)dxdydz.

^¥�IC� x = r cos θ sinϕ, y = r sin θ sinϕ, z = r cosϕ,�

I =

∫ 2π

0

dθ

∫ π
2

0

dϕ

∫ R

0

(2r cosϕ− 3)r2 sinϕdr = 2π

(
R4

4
−R3

)
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

5µ���Ú��|^���IO���±.

))){{{2. S �ëê�§�

x = R cos θ sinϕ, y = R sin θ sinϕ, z = R cosϕ, (0 6 ϕ 6
π

2
, 0 6 θ 6 2π).

¡ S þ�: (x, y, z)?�ü {�� (x,y,z)
R

.�,

I =

∫∫
S

(x2 − x, y2 − y, z2 − z) · (x, y, z)

R
dS

=
1

R

∫∫
S

[
x3 + y3 + z3 − (x2 + y2 + z2)

]
dS

=
1

R

∫∫
S

[
x3 + y3 + z3 −R2

]
dS.
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

dé¡5�� ∫∫
S

x3dS =

∫∫
S

y3dS = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

�,

I =
1

R

∫∫
S

z3dS −R
∫∫
S

dS =
1

R

∫∫
S

z3dS − 2πR3

=
1

R

∫∫
06ϕ6π

2
06θ62π

(R cosϕ)3R2 sinϕdϕdθ − 2πR3

= 2πR4

∫ π
2

0

cos3 ϕ sinϕdϕ− 2πR3

= 2πR4 · 1

4
− 2πR3

=
πR4

2
− 2πR3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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Ê!(�K 14©) � f(x)´ (−∞,+∞)þäkëY
�©

µ�<

�ê��K¼ê§��3 M > 0 ¦�é?¿� x, y ∈
(−∞,+∞),k |f ′(x)− f ′(y)| 6 M |x− y|. y²µéu?¿
¢ê x,ðk (f ′(x))2 6 2Mf(x).

yyy²²². ?� x ∈ (−∞,+∞),é?¿ h ∈ (−∞,+∞),� h 6= 0,ðk

0 6 f(x+ h) = f(x) +

∫ h

0

f ′(x+ t)dt

= f(x) +

∫ h

0

(f ′(x+ t)− f ′(x))dt+ f ′(x)h.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

� h¦� hf ′(x) 6 0,K

−f ′(x)h 6 f(x) +

∫ h

0

(f ′(x+ t)− f ′(x))dt 6 f(x) +M
h2

2
.

|f ′(x)| 6 f(x)

|h|
+M

|h|
2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

�|h| =
√

2f(x)
M

,=�¤yØ�ª (f ′(x))2 6 2Mf(x). . . . . . . . . . . . . (14©)
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∞∑
n=1

∞∑
k=1

(−1)[
√
n]

n2 + k2
Â

�©

µ�<

ñ,Ù¥ [x]L«Ø�L x����ê.

yyy²²². éu?¿�½� nÚ N ,k

N∑
k=1

1

k2 + n2
6

N∑
k=1

∫ k

k−1

1

y2 + n2
dy =

∫ N

0

1

y2 + n2
dy =

1

n
arctan

N

n
.

N∑
k=1

1

k2 + n2
>

N∑
k=1

∫ k+1

k

1

y2 + n2
dy =

∫ N+1

1

1

y2 + n2
dy =

1

n

(
arctan

N + 1

n
− arctan

1

n

)
.

∣∣∣∣∣
N∑
k=1

1

k2 + n2
− π

2n

∣∣∣∣∣ 6 π

2n
− 1

n

(
arctan

N + 1

n
− arctan

1

n

)
.

- N →∞,=k ∣∣∣∣∣
∞∑
k=1

1

k2 + n2
− π

2n

∣∣∣∣∣ 6 1

n
arctan

1

n
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

5¿�

∞∑
n=1

∣∣∣∣∣
∞∑
k=1

(−1)[
√
n]

n2 + k2
− π

2

(−1)[
√
n]

n

∣∣∣∣∣ =
∞∑
n=1

∣∣∣∣∣
∞∑
k=1

1

k2 + n2
− π

2n

∣∣∣∣∣ 6
∞∑
n=1

1

n
arctan

1

n
< +∞.

=

∞∑
n=1

(
∞∑
k=1

(−1)[
√
n]

n2 + k2
− π

2

(−1)[
√
n]

n

)
ýéÂñ§lÂñ.dd§?ê

∞∑
n=1

∞∑
k=1

(−1)[
√
n]

n2 + k2
�

?ê

∞∑
n=1

π

2

(−1)[
√
n]

n
ÓñÑ.±e�Iy?ê

∞∑
n=1

(−1)[
√
n]

n
Âñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

P Sn�?ê
∞∑
n=1

(−1)[
√
n]

n
�c n�Ü©Ú§Kk

Sn2 =
n−1∑
m=1

(m+1)2−1∑
k=m2

(−1)[
√
k]

k
+

(−1)n

n2
=

n−1∑
m=1

(−1)mCm +
(−1)n

n2
,

9



Ù¥

Cm =

(m+1)2−1∑
k=m2

1

k
.

d Cm < m · 1
m2 + 1

m2+m
· (m+ 1) = 2

m
�§Cm → 0,m→∞.

d	§Cm > (m+ 1) · 1
m2+m

+ 1
m2+2m

·m > 2
m+1

> Cm+1,l CmüN4~,?

ê
∑∞

m=1(−1)mCmÂñ, Sn2 Âñ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

éuÙ§� N ,�3 n¦�

n2 6 N < (n+ 1)2, |SN − Sn2| 6 Cn <
2

n
→ 0, N →∞.

�?ê

∞∑
n=1

(−1)[
√
n]

n
Âñ§y.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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