
6
¶

:
O
�
y
Ò

:
¤
3
�
�

:
�
|
Ò

:
�
 
Ò

:
;
�

:

���

����
µ
�

�
K
�
Ø
�
�
L
d
�

���

���
1�Ê3�I�Æ)êÆ¿mÐmÁòë��Y

(êêêÆÆÆ Baaa, 2023c)

�Á/ª: 4ò �Á�m: 150 ©¨ ÷©: 100 ©

KÒ � � n o Ê 8 o©

÷© 15 15 20 15 15 20 100

�©

555¿¿¿:
1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 15©)3�m¥�½üØÓ: P Ú Q. L P :
�©

µ�<

�� L(P )ÚL Q:�� L(Q)��u: M . ¯µ¤k�

U���: M �¤Û«¡ºy²\�(Ø.

yyy²²². 3�m¥ïá���IX§¦��ã PQ�¥:��: O,�� PQ� x−¶,

P = (−a, 0, 0), Q = (a, 0, 0) (a > 0).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

�L P :�� L(P )ÚL Q:�� L(Q)��uM = (x, y, z):§Kk

−−→
PM ·

−−→
QM = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

(x+ a, y, z) · (x− a, y, z) = 0,

x2 + y2 + z2 = a2,

�¥¡.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�! (�K 15©) � f(x, y, z) = x2 + (y2 + z2)(1− x)3.
�©

µ�<

(1)O� f �7:.

(2)¦ f 3 Σþ����,Ù¥,

Σ´
{

(x, y, z)
∣∣|x| 6 2, y2 + z2 6 4

}
�>..

(3)¦ f 3ý¥ x2 +
y2

2
+
z2

3
6 1þ����.

)))���. (1) 
fx(x, y, z) = 2x− 3(y2 + z2)(1− x)2,

fy(x, y, z) = 2y(1− x)3,

fz(x, y, z) = 2z(1− x)3.

¦) fx(x0, y0, z0) = fy(x0, y0, z0) = fz(x0, y0, z0) = 0�:��¼ê3���m

þ�k���7: (x0, y0, z0) = (0, 0, 0).

(555. ´�dþã�§�1�ª�� x0 = 1½ y0 = 0. � x0 = 1�1��ªfg

ñ. Ïd x0 = 0,?qk y0 = z0 = 0.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(2) Σ = Σ1 ∪ Σ2 ∪ Σ3,Ù¥

Σ1 =
{

(x, y, z)
∣∣x ∈ [−2, 2], y2 + z2 = 4

}
,

Σ2 =
{

(x, y, z)
∣∣x = 2, y2 + z2 6 4

}
,

Σ3 =
{

(x, y, z)
∣∣x = −2, y2 + z2 6 4

}
.

3 Σ1þ,

f(x, y, z) = x2 + 4(1− x)3 = g1(x), x ∈ [−2, 2].

����¼ê,�Ä g13 [−2, 2]S�7::

g′1(ξ) = 2ξ − 12(1− ξ)2 = 0.

��: ξ1 = 3
2
, ξ2 = 2

3
.

·�k

g1(2) = 0, g1(−2) = 112, g1
(3

2

)
=

7

4
, g1

(2

3

)
=

16

27
.

� f 3 Σ1þ����� 0.

(555: ±þ?Ø`² g1(2) = 0±9 g1(−2), g1
(
3
2

)
, g1
(
2
3

)
> 0=�.½Ø7¦7:,

��`² g1 > 0� g1(2) = 0.)
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3 Σ2þ,

f(x, y, z) = 4− (y2 + z2) = g2(x, y) > 0, y2 + z2 6 4.

3 Σ3þ,

f(x, y, z) = 4 + 27(y2 + z2) = g3(x, y) > 0, y2 + z2 6 4.

� f 3 Σþ����� 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

(3)5¿�ý¥ x2 +
y2

2
+
z2

3
6 1��3 Σ�¤�«� ΩS,�¼ê f 3 Ω

Sk��7: (0, 0, 0), f(0, 0, 0) = 0. Ïd, f 3 Ωþ����� 0. ? f 3T

ý¥þ����Ò´ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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n! (�K 20 ©) � V ´Eê� C þ� n ��5�
�©

µ�<

m, A ´ V þ����5C�. y²: �3 α ∈ V ¦

� {α,Aα, · · · ,An−1α} ¤� V ��|Ä��=�éu A

�?�A�� λ, λ�AÛê� 1.

)))���. 7�5. ��3 α ∈ V ¦� {α,Aα, · · · ,An−1α}¤� V ��|Ä,w, A3

TÄe�Ý
�

A =



0 ∗
1 0 ∗

1
. . . ...
. . . 0 ∗

1 ∗


.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

é?¿ c ∈ C,

cI − A =



c ∗
−1 c ∗

−1
. . . ...
. . . c ∗
−1 ∗


,

Ù�e�� n− 1�fª�",¤± rank(cI −A) ≥ n− 1,làg�5�§|

(cI − A)X = 0

�)�m�ê� n− rank(cI − A) ≤ 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

qéA�?�A�� λ,

(λI − A)X = 0

�½k�"),§�)�m�ê ≥ 1. ¤±àg�5�§|

(λI − A)X = 0

�)�m�ê� 1,= λ�AÛê� 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)
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¿©5:�A�pØ�Ó�A��� λ1, λ2, · · · , λs,�êê©O� d1, d2, · · · , ds,
Ù¥ d1 + d2 + · · ·+ ds = n,=A�A�õ�ª�

f(x) = (x− λ1)d1(x− λ2)d2 · · · (x− λs)ds .

éu 1 ≤ i ≤ s,P Vλi = Ker(A− λiI)di ,Ù¥ I�ð�C�,K Vλi �A-ØCf

�m�

V = Vλ1 ⊕ Vλ2 ⊕ · · · ⊕ Vλs .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (11©)

du λi�AÛê� 1,�A|Vλi � JordanIO.�
λi

1 λi
. . . . . .

1 λi


di×di

.

¤±�3 αi ∈ Vλi ¦� (A− λiI)di−1αi 6= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

-

α = α1 + α2 + · · ·+ αs,

K {α,Aα, · · · ,An−1α} ´ V ��|Ä. eÄ, K α,Aα, · · · ,An−1α �5�',

l�3gê ≤ n − 1 ��"õ�ª p(x) ∈ C[x] ¦� p(A)α = 0. du Vλi

�A-ØCf�m,¤± p(A)αi ∈ Vλi . d

0 = p(A)α = p(A)α1 + p(A)α2 + · · ·+ p(A)αs

�� p(A)αi = 0. du (A− λiI)di−1αi 6= 0,¤± (x− λi)di ´A�"z αi�g

ê�$�õ�ª,l

(x− λi)di | p(x).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (18©)

q� i 6= j �, (x− λi)di � (x− λj)dj p�,¤±

(x− λ1)d1(x− λ2)d2 · · · (x− λs)ds | p(x),

= f(x) | p(x),ù� degp(x) < degf(x)� p(x) 6= 0gñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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o! (�K 15©)y²é?¿ n��
 A,�3Ìé��þ
�©

µ�<

��� 1½ −1� n�é�Ý
 J ¦� A+ J �_.

)))���. é n�8B.� n = 1�, A = (a),w, a + 1½ö a− 1¥�½k��ê�",

(Ø¤á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

�(Øé n− 1�Ý
¤á,e¡�	 n��
 A. P

A =

(
A1 β

α ann

)
,

Ù¥ A1 � n − 1�Ý
, α� n − 1�1�þ, β � n − 1���þ, ann ��

�ê. d8Bb�,�3Ìé��þ��� 1½ −1� n − 1�é�Ý
 J1 ¦

� A1 + J1�_. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

l ∣∣∣∣∣A+

(
J1 0

0 1

)∣∣∣∣∣−
∣∣∣∣∣A+

(
J1 0

0 −1

)∣∣∣∣∣
=

∣∣∣∣∣ A1 + J1 β

α ann + 1

∣∣∣∣∣−
∣∣∣∣∣ A1 + J1 β

α ann − 1

∣∣∣∣∣
=

∣∣∣∣∣ A1 + J1 β − β
α (ann + 1)− (ann − 1)

∣∣∣∣∣
= 2 |A1 + J1| 6= 0.

ùL²þª��>�ü�1�ª¥��k���". . . . . . . . . . . . . . . . . . . (11©)

-

J =

(
J1 0

0 1

)
e

∣∣∣∣∣A+

(
J1 0

0 1

)∣∣∣∣∣ 6= 0,

½ö

J =

(
J1 0

0 −1

)
e

∣∣∣∣∣A+

(
J1 0

0 −1

)∣∣∣∣∣ 6= 0,

K J �Ìé��þ��� 1½ −1� n�é�Ý
� |A+ J | 6= 0,= A + J �

_,¤±(Øé n�Ý
¤á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

d8B{�n,(Øé?¿�
¤á. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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��� Ê! (�K 15©) � f(x) = xn(1− x)n,
�©

µ�<

F (x) = f(x)− f ′′
(x) + f (4)(x)− · · ·+ (−1)nf (2n)(x).

O�¿z{ d
dx

(
F ′(x) sinx− F (x) cosx

)
.

yyy²²².
d

dx
(F ′(x) sinx− F (x) cosx)

= F ′′(x) sinx+ F ′(x) cosx− F ′(x) cosx+ F (x) sinx

= (F ′′(x) + F (x)) sinx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

=
(
f(x) + (−1)nf (2n+2)(x)

)
sinx . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

= f(x) sinx = xn(1− x)n sinx. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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8! (�K 20©) ��K¼ê f 3 [0,+∞)þëY��,
�©

µ�<

Ã¡È©

∫ +∞

0

f(x) dxÂñ,��3 [0,+∞)þ��K¼ê

g,¦�

f ′(x) ≤ g(x), x ≥ 0. (1)

©OÒe�n«�/,y² lim
x→+∞

f(x) = 0.

(i)
∫ +∞

0

g(x) dxÂñ.

(ii) g(x) = C > 0,Ù¥ C �~ê.

(iii) g(x) = Cfp(x),Ù¥ C > 0, p > 0�~ê.

yyy²²². {{{ I. (i)d^� (1),

f(x) ≤ f (y) +

∫ x

y

g(x) dx ≤ f (y) +

∫ +∞

y

g(x) dx, 0 ≤ y < x.

¤± f 3 [0,+∞)þk.. u´

lim
x→+∞

f(x) ≤ f (y) +

∫ +∞

y

g(x) dx, 0 ≤ y < +∞

?dÃ¡È©

∫ +∞

0

g(x) dxÂñ,��

lim
x→+∞

f(x) ≤ lim
x→+∞

f(x)

� lim
x→+∞

f(x) = A�3,qÃ¡È©
∫ +∞

0

f(x) dxÂñ,l A = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

(ii)·�^�y{y²(Ø.

b�(ØØ¤á, @o�3�ê a Ú�êê� {xn}, ¦� lim
n→+∞

xn = +∞,

f(xn) ≥ a, n = 1, 2, · · · . w,Ø��

xn >
a

2C
, n = 1, 2, · · · . (2)

3«m [xn − a
2C
, xn]þéØ�ª (1)l xÈ©� xn,|^ (2)��

f (xn)− f(x) ≤ C (xn − x) .⇒ a− f(x) ≤ C (xn − x) ≤ C · a
2C

=
a

2
.

8
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·�k

f(x) ≥ a

2
, xn −

a

2C
≤ x ≤ xn, n = 1, 2, · · · .

l ∫ xn

xn− a
2C

f(x)dx ≥ a

2
· a

2C
=

a2

4C
, n = 0, 1, 2, · · · .

d�

∫ +∞

0

f(x) dxÂñ� CauchyOKgñ,y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

(iii)b�(ØØ¤á,@o�3�ê aÚ�êê� {xn},¦� lim
n→+∞

xn = +∞,

f(xn) ≥ a, n = 1, 2, · · · . w,Ø��

xn > b =
a

2ap−1C
, n = 1, 2, · · · . (3)

y3y² f 3«m [xn − b, xn]þ����mn�u���~ê.

� tn ∈ [xn − b, xn], f(tn) = mn. ·�©ü«�¹5?Ø.

1. mn = a,Kk f(x) ≥ a, x ∈ [xn − b, xn].

2. mn < a,Ï� f(xn) ≥ a,¤± tn < xn.P Tn = sup {t; f(x) < a, x ∈ [tn, t)},
@o,d f �ëY5��, tn < Tn ≤ xn, f (Tn) = a.

3 tnÚ Tn?A^Ø�ª (1),|^ (3),��

a−mn = f (Tn)− f (tn) ≤ C

∫ Tn

tn

fp(x)dx ≤ Cap (Tn − tn) ≤ Capb =
a

2
.

=
a

2
≤ mn ≤ f(x), x ∈ [xn − b, xn] .

nÜü«�¹,·�ok

f(x) ≥ a

2
, x ∈ [xn − b, xn] .

u´ ∫ xn

xn−b
f(x)dx ≥ ab

2
=

a

4C
> 0,

d�

∫ +∞

0

f(x) dxÂñ� CauchyOKgñ,y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

{{{ 2. ·�én«�/�Ú�?n. � g(x) = Cfp(x) + h(x), Ù¥ C > 0,

p > 0�~ê(00n)� 1), h�K�
∫ +∞

0

h(x) dxÂñ.

9



?� m > 16C + 2, d Cauchy OK, �3 N = Nm > 1 ¦�� n > N �,∫ n+1

m2

n
m2

(
f(x) + h(x)

)
dx <

1

4m3
. Ïd, (Ü f �K, éu?Û n > N , k

ξn ∈ [ n
m2 ,

n+1
m2 ]¦� f(ξn) < 1

4m
.

·�äó� x > N+1
m2 �, f(x) 6 1

m
.

ÄK,k η1 >
N+1
m2 ,¦� f(η1) >

1
m

. ·�k k > N ¦� ξk < η1 < ξk + 2
m2 .

?�Ú,� η2 � f − 1
m
3 [ξk, η1]¥���":, η3 � f − 1

2m
3 [ξk, η2]¥�

��":. K3 [η3, η2]þ
1
2m

6 f 6 1
m
< 1. l

1

2m
=f(η2)− f(η3) =

∫ η2

η3

f ′(t) dt

6
∫ η2

η3

(
Cfp(t) + h(t)

)
dt 6

∫ η2

η3

(
C + h(t)

)
dt

6
2C

m2
+

1

2m3
6

1

4m
.

gñ.

Ïd,� x > N+1
m
�, f(x) 6 1

m
. dd=� lim

x→+∞
f(x) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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