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555¿¿¿:
1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�! (�K 15©)3�m¥�½�� L9��	½: P . �
�©

µ�<

M ´L P :���� L���¥¡�¥%. ¯µ¤k�U

�¥%M �¤Û«¡ºy²\�(Ø.

)))���. )µù´���ÔÎ¡. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

y²Xeµ3�m¥ïá���IX§¦��� L� x−¶§: P � L�R

�� z−¶§ÙRv O:��:. ù�, O = (0, 0, 0), P = (0, 0, a) (a > 0),��

L����þ� v = (1, 0, 0). �M = (x, y, z)´L P :���� L���¥

¡�¥%,K¥�» PM �uM ��� L�ål§=µ

PM =
|
−−→
OM × v|
|v|

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

PM2 = x2 + y2 + (z − a)2;

−−→
OM × v = (x, y, z)× (1, 0, 0) = (0, z,−y);

�k

x2 + y2 + (z − a)2 = z2 + y2;

z =
1

2a
(x2 + a2),

��ÔÎ¡. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�! (�K 15©) � f(x, y, z) = x2 + (y2 + z2)(1− x)3.
�©

µ�<

(1)O� f �7:.

(2)¦ f 3 Σþ����,Ù¥,

Σ´
{

(x, y, z)
∣∣|x| 6 2, y2 + z2 6 4

}
�>..

(3)¦ f 3ý¥ x2 +
y2

2
+
z2

3
6 1þ����.

)))���. (1) 
fx(x, y, z) = 2x− 3(y2 + z2)(1− x)2,

fy(x, y, z) = 2y(1− x)3,

fz(x, y, z) = 2z(1− x)3.

¦) fx(x0, y0, z0) = fy(x0, y0, z0) = fz(x0, y0, z0) = 0�:��¼ê3���m

þ�k���7: (x0, y0, z0) = (0, 0, 0).

(555. ´�dþã�§�1�ª�� x0 = 1½ y0 = 0. � x0 = 1�1��ªfg

ñ. Ïd x0 = 0,?qk y0 = z0 = 0.)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(2) Σ = Σ1 ∪ Σ2 ∪ Σ3,Ù¥

Σ1 =
{

(x, y, z)
∣∣x ∈ [−2, 2], y2 + z2 = 4

}
,

Σ2 =
{

(x, y, z)
∣∣x = 2, y2 + z2 6 4

}
,

Σ3 =
{

(x, y, z)
∣∣x = −2, y2 + z2 6 4

}
.

3 Σ1þ,

f(x, y, z) = x2 + 4(1− x)3 = g1(x), x ∈ [−2, 2].

����¼ê,�Ä g13 [−2, 2]S�7::

g′1(ξ) = 2ξ − 12(1− ξ)2 = 0.

��: ξ1 = 3
2
, ξ2 = 2

3
.

·�k

g1(2) = 0, g1(−2) = 112, g1
(3

2

)
=

7

4
, g1

(2

3

)
=

16

27
.

� f 3 Σ1þ����� 0.

(555: ±þ?Ø`² g1(2) = 0±9 g1(−2), g1
(
3
2

)
, g1
(
2
3

)
> 0=�.½Ø7¦7:,

��`² g1 > 0� g1(2) = 0.)
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3 Σ2þ,

f(x, y, z) = 4− (y2 + z2) = g2(x, y) > 0, y2 + z2 6 4.

3 Σ3þ,

f(x, y, z) = 4 + 27(y2 + z2) = g3(x, y) > 0, y2 + z2 6 4.

� f 3 Σþ����� 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

(3)5¿�ý¥ x2 +
y2

2
+
z2

3
6 1��3 Σ�¤�«� ΩS,�¼ê f 3 Ω

Sk��7: (0, 0, 0), f(0, 0, 0) = 0. Ïd, f 3 Ωþ����� 0. ? f 3T

ý¥þ����Ò´ 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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n! (�K 20 ©) � V ´Eê� C þ� n ��5�
�©

µ�<

m, A ´ V þ����5C�. y²: �3 α ∈ V ¦

� {α,Aα, · · · ,An−1α} ¤� V ��|Ä��=�éu A

�?�A�� λ, λ�AÛê� 1.

)))���. 7�5. ��3 α ∈ V ¦� {α,Aα, · · · ,An−1α}¤� V ��|Ä,w, A3

TÄe�Ý
�

A =



0 ∗
1 0 ∗

1
. . . ...
. . . 0 ∗

1 ∗


.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

é?¿ c ∈ C,

cI − A =



c ∗
−1 c ∗

−1
. . . ...
. . . c ∗
−1 ∗


,

Ù�e�� n− 1�fª�",¤± rank(cI −A) ≥ n− 1,làg�5�§|

(cI − A)X = 0

�)�m�ê� n− rank(cI − A) ≤ 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

qéA�?�A�� λ,

(λI − A)X = 0

�½k�"),§�)�m�ê ≥ 1. ¤±àg�5�§|

(λI − A)X = 0

�)�m�ê� 1,= λ�AÛê� 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)
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¿©5:�A�pØ�Ó�A��� λ1, λ2, · · · , λs,�êê©O� d1, d2, · · · , ds,
Ù¥ d1 + d2 + · · ·+ ds = n,=A�A�õ�ª�

f(x) = (x− λ1)d1(x− λ2)d2 · · · (x− λs)ds .

éu 1 ≤ i ≤ s,P Vλi = Ker(A− λiI)di ,Ù¥ I�ð�C�,K Vλi �A-ØCf

�m�

V = Vλ1 ⊕ Vλ2 ⊕ · · · ⊕ Vλs .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (11©)

du λi�AÛê� 1,�A|Vλi � JordanIO.�
λi

1 λi
. . . . . .

1 λi


di×di

.

¤±�3 αi ∈ Vλi ¦� (A− λiI)di−1αi 6= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

-

α = α1 + α2 + · · ·+ αs,

K {α,Aα, · · · ,An−1α} ´ V ��|Ä. eÄ, K α,Aα, · · · ,An−1α �5�',

l�3gê ≤ n − 1 ��"õ�ª p(x) ∈ C[x] ¦� p(A)α = 0. du Vλi

�A-ØCf�m,¤± p(A)αi ∈ Vλi . d

0 = p(A)α = p(A)α1 + p(A)α2 + · · ·+ p(A)αs

�� p(A)αi = 0. du (A− λiI)di−1αi 6= 0,¤± (x− λi)di ´A�"z αi�g

ê�$�õ�ª,l

(x− λi)di | p(x).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (18©)

q� i 6= j �, (x− λi)di � (x− λj)dj p�,¤±

(x− λ1)d1(x− λ2)d2 · · · (x− λs)ds | p(x),

= f(x) | p(x),ù� degp(x) < degf(x)� p(x) 6= 0gñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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o! (�K 15©)� n > 3�g,ê, θ = 2π
n

. é?¿ 1 ≤
�©

µ�<

s, t ≤ n, � ast = sin(s + t)θ, -Ý
 A = (ast)n×n, O

� E + A2023�1�ª,Ù¥ E � n�ü Ý
.

yyy²²². 1)w�, A�¢é¡Ý
,�±é�z. é n > 3� n 6= 4� a11 = sin 4π
n
6= 0ð

¤á,� n = 4�k a12 = sin 3π
2
6= 0,¤± A 6= 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (2©)

2)äó: A���õ�ª� x3 − n2

4
x. ¯¢þ,é?¿ 1 ≤ s, t ≤ n,

sin(s+ t)θ =
1

2i

(
ei(s+t)θ − e−i(s+t)θ

)
.

-

v =


eiθ

ei2θ

...

einθ

 ,

KN´��

A =
1

2i
(vvt − vvt) =

1

2i
(vvt − vv∗),

Ù¥ v∗ = vt. 5¿�

vtv = e2iθ + e2i2θ + · · ·+ e2inθ = e2iθ · 1− e2inθ

1− e2iθ
= 0,

Ú

v∗v = 1 + 1 + · · ·+ 1 = n.

�k

A2 = −1

4

[
(vvt − vv∗)(vvt − vv∗)

]
=
n

4
(vv∗ + vvt).

¤±

A3 = A2A =
n

4
[(vv∗ + vvt)(vvt − vv∗)] · 1

2i
=
n2

4
A.

dd� A���"zõ�ª� x3 − n2

4
x.

d

x3 − n2

4
x = x

(
x+

n

2

)(
x− n

2

)
6
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�� A���õ�ª ϕ(x)��U´e� 7�õ�ª��:

x, x+
n

2
, x− n

2
, x
(
x+

n

2

)
, x
(
x− n

2

)
,
(
x+

n

2

)(
x− n

2

)
, x3 − n2

4
x.

w,, ϕ(x)Ø�U��gõ�ª,Ï� x, x + n
2
, x − n

2
þØU"z A ('u x,

d A 6= 0� xØU"z A;é x + n
2
Ú x − n

2
,�	 A ± n

2
E � (1, 1) ���,

d n
2
> 1��� A± n

2
E � (1, 1) ���Ø�U� 0).

Ùg, ϕ(x)�Ø�U��gõ�ª. ·�k�	õ�ª x(x+ n
2
),w A(A+ n

2
E)

� (n, n) ���. A2� (n, n) ����

n

4
(einθ · e−inθ + e−inθ · einθ) =

n

2
,

A� (n, n) ����

sin 2n
2π

n
= 0,

l n
2
A� (n, n) ����� 0,ùB�� A(A + n

2
E)� (n, n) ����

n
2
6= 0. � x(x+ n

2
)ØU¿� ϕ(x).

Ón��, x(x− n
2
)Ú x2 − (n

2
)2�ØU¿� ϕ(x). �d·��� A���õ�

ª ϕ(x)� x3 − n2

4
x. äóý.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

3)du x3 − n2

4
x = x(x + n

2
)(x − n

2
)´ A���õ�ª,�� A�pØ�Ó�

A��� 0, n
2
Ú −n

2
. 2d

A =
1

2i
(vvt − vv∗)

�� rankA 6 rank(vvt) + rank(vv∗) ≤ 2,Ïd A�õkü�� 0A��.� A

� n�A���

0, . . . , 0︸ ︷︷ ︸
n−2

,
n

2
,−n

2
,

¤± E + A2023� n�A���

1, . . . , 1︸ ︷︷ ︸
n−2

, 1 +
(n

2

)2023
, 1−

(n
2

)2023
.

dd��

|E + A2023| =
(

1 +
(n

2

)2023)(
1−

(n
2

)2023)
= 1−

(n
2

)4046
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

7



Ê! (�K 15 ©) � E ⊂ Rn ��k., c ∈ Rn, c �".
�©

µ�<

^ diamE = sup
x,y∈E

‖x − y‖ L« E ��», P E + c ={
x + c

∣∣x ∈ E}. y²: diam E < diam
(
E ∪ (E + c)

)
.

yyy²²². (�{üå�,éu Rn¥�: x,{P ‖x‖� |x|. )

P ρ = diam E. e ρ = 0,= E �ü:8,(Øw,¤á.

e� ρ > 0. � ε > 0¦� ε < ρ� ε < |c|2
4ρ

.

��� x,y ∈ E ¦� a = |x− y| > ρ− ε.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

P cos θ = 〈y−x,c〉
|y−x|·|c| .

x y

y + cx + c

θπ − θ

e cos θ > 0,K

|(x + c)− y| =
√
a2 + |c|2 + 2a|c| cos θ >

√
a2 + |c|2

>
√

(ρ− ε)2 + |c|2 =
√
ρ2 − 2ρε+ ε2 + |c|2 >

√
ρ2 +

|c|2
2

> ρ.

dd=� diam E < diam
(
E ∪ (E + c)

)
.

Ón,e cos θ < 0,K

|(y + c)− x| > ρ.

Ó���(Ø.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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��� 8! (�K 20 ©) � a = 3
√

3, x1 = a, xn+1 = axn (n =
�©

µ�<

1, 2, . . .).y²: ê� {xn}∞n=14��3§�Ø´ 3.

yyy²²². ´yê�üNþ,§kþ. 3,lê�4��3.

äN/, du a = x1 = 3
√

3 > 1, x2 = ax1 > a = x1. ��/, 8B��

xn+1 = axn > axn−1 = xn (n > 2).

,��¡,5¿� a3 = 3,8B�� xn 6 3 (n > 1).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

ey {xn}�4�Ø� 3.

{{{ I.·�58B/y² 1 < x1 < x2 < · · · < xn < · · · < 5
2
.

äN/, 1 < x1 = 3
√

3 = 3

√
24
8
< 3

√
125
8

= 5
2
.

b�é,� n > 1, 1 < xn <
5
2
¤á,@o

xn+1 = axn <
(

3
√

3
) 5

2
=

6
√

243

,��¡

(
5

2
)6 = (

25

4
)3 = (6 +

1

4
)3

= 216 + 3 · 621

4
+ · · · = 243 + · · · > 243

Ù¥ · · · w,´��ê§��y 6
√

243 < 5
2
.

du¤k�� xnÑØ�L
5
2
,¤±ê��4�Ø�U� 3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

{{{ II.·�5é {xn}�þ. L. �d,·�I�'Xª 3
L
3 6 L. = 3

1
3 6 L

1
L . �

Ä f(x) = x
1
x (x > 0). ·�k

f ′(x) = xx
(

lnx− 1
)
, x > 0.

�� f 3 (0, e]þî�ü~,3 [e,+∞)þî�üO.·�58B/y² xn < e.

´� x1 = 3
1
3 < e

1
e < e.

eé,� n > 1, xn < e,K xn+1 = 3
xn
3 < e

xn
e < e.

Ïd, e´{xn}�þ.. =ê� {xn}�4�Ø�U� 3.

{{{ III. � {xn} �4�� L. �	c¡'u {xn} üNk.5�y², ¯¢

þ�±��ê� {xn} î�üO, ? xn < L (∀n > 1). P f(x) = ax, K

f ′(3) = a3 ln a = ln 3 > 1.

9



e L = 3,d f �ëY��5,k δ > 0¦�� x ∈ (3− δ, 3 + δ)�, f ′(x) > 1. ·

�kN > 1¦�� n > N �, 3−δ < xn < 3.d�,d¥�½n,k ξn ∈ (xn, L),

¦�

|xn+1 − 3| = f(3)− f(xn) = f ′(ξn)(3− xn) > 3− xn, n > N.

AO,8B��

|xn − 3| > 3− xN > 0, ∀n > N.

� {xn}Âñu 3gñ. Ïd, {xn}�4�Ø�U´ 3.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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