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1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 30©§z�K 6©)
�©

µ�<

(1) lim
x→∞

(
x+ 3

x+ 2
)2x−1 = .

(2)� z = f(x2 − y2, xy),� f(u, v)këY��� �

ê,

K
∂z2

∂x∂y
= .

(3)�� y = ln(1 + ax) + 1�� y = 2xy3 + b3 (0, 1)?��,

K a+ b = .

(4)�¼ê y = y(x)d�§ y = 1+arctan(xy)¤û½,K y′(0) = .

(5)O�
∫ 1

0

dx

∫ √x
x

cos y

y
dy = .

)))���. (1) lim
x→∞

(1 +
1

x+ 2
)2(x+2)−5 = e2.

(2)
zx = 2xf1 + yf2,

zxy = 2x(f11(−2y) + xf12) + f2 + y(f21(−2y) + xf22)

= f2 − 4xyf11 + 2(x2 − y2)f12 + xyf22.

(3)´� b = 1, a = 2,� a+ b = 3.

(4)´� y′(x) = xy′+y
1+x2y2

. � x = 0�§y′(0) = 1.
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(5)��È©^S§�∫ 1

0

dx

∫ √x
x

cos y

y
dy =

∫ 1

0

dy

∫ y

y2

cos y

y
dy =

∫ 1

0

(1− y) cos ydy = 1− cos 1.
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��� �!(�K 14 ©) �� y = 3ax2 + 2bx + ln c ²
�©

µ�<

L (0, 0) :§�� 0 6 x 6 1 � y > 0. �T���

� x = 1, x¶¤�ã/�²¡ã/ D �¡È� 1. Á¦~

ê a, b, c��§¦� D7 x¶�±�§¤�^=N�NÈ

��.

)))���. du�y = 3ax2 + 2bx + ln c ²L (0, 0) :§� ln c = 0, c = 1. D �¡

È A =
∫ 1

0
(3ax2 + 2bx)dx = a+ b = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

D7 x¶�±¤���^=NNÈ

V = π

∫ 1

0

(3ax2 + 2bx)2dx

= π(
9

5
a2 + 3ab+

4

3
b2)

= π(
2

15
a2 +

1

3
a+

4

3
).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

V ′(a) = π(
4

15
a+

1

3
).

ØJ��§� a = −5
4
�§^=N�NÈ��§d�§b = 9

4
, c = 1. . (14

©)

5µí����:�§^Ù¦�{X����±.
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(x2 + y2 + 3)
dy

dx
= 2x(2y − x2

y
).

)))���. ��§C/�
ydy

xdx
=

2(2y2 − x2)
x2 + y2 + 3

.

- u = x2, v = y2,K��§z�
dv

du
=

2(2v − u)
u+ v + 3

. . . . . . . . . . . . . . . . . (5©)

)�§ 2v−u = 0, u+v+3 = 0,�� u = −2, v = −1,2- U = u+2, V = v+1,

þã�§z�
dV

dU
=

2(2V − U)
U + V

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

�CþO�W = V
U
�� U

dW

dU
= −W

2 − 3W + 2

W + 1
. . . . . . . . . . . . . . (11©)

ù´©lCþ�§§)�� U(W − 2)3 = C(W − 1)2,£��

(y2 − 2x2 − 3)3 = C(y2 − x2 − 1)2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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∞∑
n=1

(−1)n−1x2n

n(2n− 1)
�Âñ

�©

µ�<

�9Ú¼ê.

)))���. Ï� lim
n→∞

n

√
1

n(2n− 1)
= 1,¤±Âñ�»� 1.

� x = ±1�§
∞∑
n=1

(−1)n−1

n(2n− 1)
ýéÂñ§�Âñ�� [−1, 1]. . . . . (5©)

PT�?ê�Ú¼ê� S(x),K3 (−1, 1)þ§

1

2
S ′′(x) =

∞∑
n=1

(−1)n−1x2n−2 = 1

1 + x2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (9©)

S ′(x) = 2

∫ x

0

1

1 + s2
ds = 2arctanx, x ∈ (−1, 1).

S(x) = 2

∫ x

0

arctan sds = 2x arctanx− ln(1 + x2), x ∈ (−1, 1).

du S(x)3Âñ�þëY§¤±

S(x) = 2

∫ x

0

arctan sds = 2x arctanx− ln(1 + x2), x ∈ [−1, 1].

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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Ê! (�K 14©) � f(x)3 [0, 1]þ��� f(0) > 0,
�©

µ�<

f(1) > 0,
∫ 1

0
f(x)dx = 0. y²µ

(1) f(x)3 [0, 1]þ��kü�":¶

(2)3 (0, 1)S���3�: ξ,¦� f ′(ξ) + 3f 3(ξ) = 0.

yyy²²². (1) Äk·3 (0, 1) þ���3�: x0 ¦� f(x0) < 0. ÄKeéu?¿

� x ∈ [0, 1], f(x) > 0. f(x)ëY�Øð�"§�
∫ 1

0
f(x)dx > 0. �K�gñ.

(5©)

Ùg§Ï� f(x) ëY§3«m [0, x0] Ú [x0, 1] þ©OA^":½n�§�

3 ξ1 ∈ (0.x0), ξ2 ∈ (x0, 1)¦� f(ξ1) = 0, f(ξ2) = 0. . . . . . . . . . . . . . (8©)

(2) - F (x) = f(x)e
∫ x
0 3f2(s)ds, K F 3 [0, 1] þëY§(0, 1) þ��� F (ξ1) =

F (ξ2) = 0. dÛ�½n§�3 ξ ∈ (ξ1, ξ2) ⊂ (0, 1)¦� F ′(ξ) = 0.

q F ′(x) = (f ′(x) + 3f 3(x))e
∫ x
0 3f2(s)ds,¤± f ′(ξ) + 3f 3(ξ) = 0. . . . . . . (14©)
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��� 8!(�K 14©) � f(x)3 [0, 1]þkëY��ê
�©

µ�<

� f(0) = 0. ¦yµ∫ 1

0

f 2(x)dx 6 4

∫ 1

0

(1− x)2|f ′(x)|2dx,

¿¦¦þª¤��ª� f(x).

)))���. d©ÜÈ©{∫ 1

0
f 2(x)dx = (x− 1)f 2(x)

∣∣∣1
0
−
∫ 1

0
(x− 1)2f(x)f ′(x)dx

= 2
∫ 1

0
(1− x)f ′(x) · f(x)dx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

d CauchyÈ©Ø�ª,k∫ 1

0

(1− x)f ′(x) · f(x)dx 6

(∫ 1

0

(1− x)2(f ′(x))2dx
) 1

2
(∫ 1

0

f 2(x)dx

) 1
2

.

u´ ∫ 1

0

f 2(x)dx 6 4

∫ 1

0

(1− x)2|f ′(x)|2dx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

�ª¤á�Ak~ê c¦� (1− x)f ′(x) = cf(x).Ïd� x ∈ (0, 1)�,k

((1− x)cf(x))′ = (1− x)c−1
(
(1− x)f ′(x)− cf(x)

)
= 0.

Ï�3~ê d¦� f(x) = d(1− x)−c (0 < x < 1).

� x → 0�§ f(x) → 0,� d = 0.u´ f = 0.¤±¦�K¥Ø�ª¤��ª

�¼ê´ f(x) = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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