
6
¶

:
O
�
y
Ò

:
¤
3
�
�

:
�
|
Ò

:
�
 
Ò

:
;
�

:

�
��

�
���
µ
�

�
K
�
Ø
�
�
L
d
�

�
��

�
��
1�Ê3�I�Æ)êÆ¿mÐmÁòë��Y

(���êêêÆÆÆ Aaaa, 2023c)

�Á/ª: 4ò �Á�m: 150 ©¨ ÷©: 100 ©

KÒ � � n o Ê 8 o©

÷© 30 14 14 14 14 14 100

�©

555¿¿¿:
1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 30©,z�K 6©)
�©

µ�<

(1) lim
x→3

√
x3 + 9− 6

2−
√
x3 − 23

= .

(2)� z = f(x2 − y2, xy),� f(u, v)këY��� �

ê,K
∂2

∂y
= .

(3)� f(x) =
1

x2 − 3x+ 2
,K f (n)(0) = .

(4)�?ê
∞∑
n=1

(−1)n−1x2n

n(2n− 1)
�Âñ�� .

(5)�­¡ Σ´²¡ y + z = 5�Î¡ x2 + y2 = 25¤���Ü©,K∫∫
Σ

(x+ y + z)dS = .

)))���. (1)¦^â7�{K§�

lim
x→3

√
x3 + 9− 6

2−
√
x3 − 23

= lim
x→3

3x2

2
√
x3+9

− 3x2

2
√
x3−23

= − lim
x→3

√
x3 − 23√
x3 + 9

= −1

3
.

(2)
zx = 2xf1 + yf2,

zxy = 2x(f11(−2y) + xf12) + f2 + y(f21(−2y) + xf22)

= f2 − 4xyf11 + 2(x2 − y2)f12 + xyf22.

1

z 



(3)
f(x) = − 1

x−1
+ 1

x−2
.

f (n)(x) = (−1)n+1 · n!( 1
(x−1)n+1 − 1

(x−2)n+1 ).

f (n)(0) = n!(1− 1
2n+1 ).

(4)Ï� lim
n→∞

n

√
1

n(2n− 1)
= 1,¤±Âñ�»� 1.

� x = ±1�§
∞∑
n=1

(−1)n−1

n(2n− 1)
ýéÂñ§�Âñ�� [−1, 1].

(5) Σ��§� z = 5− y,�

dS =
√

2dxdy.

Σ3 xOy²¡�ÝK Dxy : x2 + y2 6 25,�

I =
√

2

∫∫
Dxy

(x+ 5)dxdy = 5
√

2

∫∫
Dxy

dxdy = 125
√

2π.
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µ�<

(x2 + y2 + 3)
dy

dx
= 2x(2y − x2

y
).

)))���. ��§C/�
ydy

xdx
=

2(2y2 − x2)

x2 + y2 + 3
.

- u = x2, v = y2,K��§z�
dv

du
=

2(2v − u)

u+ v + 3
. . . . . . . . . . . . . . . . . (5©)

)�§ 2v−u = 0, u+v+3 = 0,�� u = −2, v = −1,2- U = u+2, V = v+1,

þã�§z�
dV

dU
=

2(2V − U)

U + V
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

�CþO�W = V
U
�� U

dW

dU
= −W

2 − 3W + 2

W + 1
. . . . . . . . . . . . . . (11©)

ù´©lCþ�§§)�� U(W − 2)3 = C(W − 1)2,£��

(y2 − 2x2 − 3)3 = C(y2 − x2 − 1)2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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n!(�K 14 ©) � Σ1 ´± (0, 4, 0) �º:��
�©

µ�<

­¡ Σ2 : x2

3
+ y2

4
+ z2

3
= 1(y > 0) ����I¡§¦­

¡ Σ1� Σ2¤�¤��m«��NÈ.

)))���. � L´ xOy ²¡þL: (0, 4)��
x2

3
+
y2

4
= 1��u: (x0, y0)���§K

x2
0

3
+
y2

0

4
= 1����Ç

y0 − 4

x0

= −4x0

3y0

,)� x0 = ±3

2
, y0 = 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

w,§Σ1� Σ2©O´�� LÚ­�
x2

3
+
y2

4
= 17 y¶^=
¤�­¡§§

���� u²¡ y0 = 1þ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

PT²¡� Σ1,Σ2�¤��m«�©OP� Ω1Ú Ω2.

du Σ1´.¡���»�
3

2
,p� 3��IN§¤±ÙNÈ V1 =

1

3
·π(

3

2
)2 ·3 =

9π

4
.q Ω2�NÈ�

V2 =

∫∫∫
Ω2

dV =

∫ 2

1

dy

∫∫
x2+z263(1− y2

4
)

dxdz = π

∫ 2

1

3(1− y2

4
)dy =

5π

4
.

Ïd§­¡ Σ1� Σ2¤�¤��m«��NÈ�
9π

4
− 5π

4
= π.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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µ�<

� In = n

∫ a

1

dx

1 + xn
,Ù¥ a > 1. ¦4� lim

n→∞
In.

)))���. P b = 1
a
,K 0 < b < 1. �CþO� x = 1

t
,��

In =

∫ 1

b

ntn−1

t(1 + tn)
dt =

∫ 1

b

d(ln(1 + tn))

t
.

©ÜÈ©�

In = ln 2− ln(1 + bn)

b
+

∫ 1

b

ln(1 + tn)

t2
dt.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

� t ∈ [b, 1]�§
ln(1 + tn)

t2
6 tn−2,

0 6
∫ 1

b

ln(1 + tn)

t2
dt 6

∫ 1

b

tn−2dt =
1− bn−1

n− 1
.

w,§ lim
n→∞

1− bn−1

n− 1
= 0. dY%OK§ lim

n→∞

∫ 1

b

ln(1 + tn)

t2
dt = 0.

q lim
n→∞

ln(1 + bn)

b
= 0§ lim

n→∞
In = ln 2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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Ê!(�K 14©) � f(x)3 [0, 1]þkëY��ê
�©

µ�<

� f(0) = 0. ¦yµ∫ 1

0

f 2(x)dx 6 4

∫ 1

0

(1− x)2|f ′(x)|2dx,

¿¦¦þª¤��ª� f(x).

)))���. d©ÜÈ©{∫ 1

0
f 2(x)dx = (x− 1)f 2(x)

∣∣∣1
0
−
∫ 1

0
(x− 1)2f(x)f ′(x)dx

= 2
∫ 1

0
(1− x)f ′(x) · f(x)dx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

d CauchyÈ©Ø�ª,k∫ 1

0

(1− x)f ′(x) · f(x)dx 6

(∫ 1

0

(1− x)2(f ′(x))2dx

) 1
2
(∫ 1

0

f 2(x)dx

) 1
2

.

u´ ∫ 1

0

f 2(x)dx 6 4

∫ 1

0

(1− x)2|f ′(x)|2dx.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

�ª¤á�Ak~ê c¦� (1− x)f ′(x) = cf(x).Ïd� x ∈ (0, 1)�,k

((1− x)cf(x))′ = (1− x)c−1
(
(1− x)f ′(x)− cf(x)

)
= 0.

Ï
�3~ê d¦� f(x) = d(1− x)−c (0 < x < 1).

� x → 0�§ f(x) → 0,� d = 0.u´ f = 0.¤±¦�K¥Ø�ª¤��ª

�¼ê´ f(x) = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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1

3
,

�©

µ�<

xn+1 = x2
n

1−xn+x2
n
, n > 0. y²µÃ¡?ê

∞∑
n=0

xn Âñ¿¦Ù

Ú.

)))���. �{1. �âêÆ8B{�� xn > 0.

d	§xn+1 − xn = −xn(1− xn)2

1− xn + x2
n

< 0.

� xnüN4~, xn 6 1
3
.

u´§xn+1 = xn ·
xn

1− xn + x2
n

6
4

9
xn,

xnÂñu 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

- f(x) = x
1+x

, x > 0,ØJ�y f(x)î�üN4O�Ù�¼ê� f−1(x) = x
1−x .

5¿� xn+1 = f(f−1(xn)− xn),�

f−1(xn+1) = f−1(xn)− xn, xn = f−1(xn)− f−1(xn+1).

n∑
i=0

xi = f−1(x0)− f−1(xn+1).

∞∑
i=0

xi = f−1(x0)− f−1(0) =
1

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

)))���. �{2. y² xnÂñu 0Ó�{1.

5¿�

xn =
xn

1− xn
− xn+1

1− xn+1

.

n∑
i=0

xi =
x0

1− x0

− xn+1

1− xn+1

.

∞∑
i=0

xi =
x0

1− x0

=
1

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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